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The translation planes of order 43 with spread in PG(5, 4) arising from Baer
subgeometry partitions of PG(2, 16) found by Mathon and Hamilton are charac-
terized within all Baer subgeometry partitions admitting groups fixing one Baer
subgeometry and acting transitively on the remaining Baer subgeometries. When q
is even, we show that a Baer subgeometry partition of PG(2, q2) with a group fixing
one and transitive on the remaining PG(2, q)’s forces the partition to be classical or
q=4 and the partition is one of the partitions of Mathon and Hamilton. When q is
odd, we give a complete characterization of these Baer subgeometry partitions.
Further, generalizations are given for similar Baer subgeometry partitions of
PG(2m, q2). © 2002 Elsevier Science (USA)
1. INTRODUCTION
A Baer subgeometry partition of PG(2, q2) is a partition of the points by
PG(2, q)’s. Recently, Mathon and Hamilton [5] found, by computer
search, several Baer subgeometry partitions (BSG’s) of PG(2, 16) and
PG(2, 25). The BSG’s of PG(2, 16) admit an automorphism group fixing
one PG(2, 4) and acting transitively on the remaining PG(2, 4)’s. Since
BSG’s seem to be quite rare, in general, this particular set of Baer
subgeometry partitions is quite interesting. In fact, an open question in
Baker et al. [1] is whether this is an example of a potentially infinite class.
Furthermore, it is also asked whether such partitions can exist more
generally in PG(2m, q2) for m > 1.
In this article, we are able to establish some parameters of the above
questions and make strong progress towards answering these questions, in
general. Our method of attack is to consider the implications of such study
in translation planes associated with Baer subgeometry partitions.
In particular, considering the Hamilton–Mathon BSG’s, we have, by the
process of ‘‘geometric lifting’’ of Hirschfeld and Thas [6, p. 204] (also see
Johnson [13]), there is a corresponding translation plane with spread in
PG(5, 4). Moreover, by Johnson [13], there is a collineation group of the
associated translation plane which fixes a GF(4)-regulus net, that nor-
malizes a field multiplicative group GF(16)g, has one orbit of length 43−4
of components and permutes transitively a set of 42−4 GF(4)-reguli.
All of the above statements hold more generally for a translation plane
associated with any Baer subgeometry partition. Using the analysis of the
associated translation planes, we are able to prove the following result:
Theorem 1. Let p be a translation plane of order q3 and kernel contain-
ing GF(q) that arises from a BSG of PG(2, q2) admitting an automorphism
group fixing one PG(2, q) and transitive on the rest.
Then all planes are cubic extensions of a flag-transitive plane. Further-
more, we have the following situations:
(1) q=2 and the plane is Desarguesian.
(2) q=4 and the plane is Desarguesian.
(3) q= 4 and the plane is one of two Hamilton–Mathon planes, whose
matrix spreads sets are interrelated by transposition.
(4) q is odd and p is a cubic extension of a subplane po of order q.
In fact, the so-called ‘‘cubic extension’’ planes have been completely
analyzed in a series of papers by Hiramine, Jha, and Johnson. These are
translation planes of order q3 admitting a subplane po of order q and a
collineation group G which leaves po invariant and acts transitively on the
parallel classes of po and transitively on the parallel classes of p−po. When
the group G is solvable and the spread is in PG(5, q), there is a complete
representation of the spreads.
We are able to show that for BSG’s of PG(2, q2), of the type under con-
sideration, the collineation group is, in fact, solvable. Hence, we basically
have a classification of the BSG’s of PG(2, q2) that admit an auto-
morphism group fixing one PG(2, q) and acting transitively on the remain-
ing PG(2, q)’s.
There is an alternative way of considering the problem; the study of
‘‘partial’’ Baer subgeometry partitions of PG(2m, q2). In particular, we are
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interested in the so-called ‘‘deficiency one’’ partial Baer subgeometry parti-
tions. Moreover, we discuss ‘‘transitive’’ deficiency one partial Baer
subgeometry partitions; deficiency one partial BSG’s admitting a group
transitive on the subplanes of the partition.
Concerning deficiency one, in general, we are able to prove:
Theorem 2. Given a partial BSG B of PG(2m, q2) of deficiency one. If
m > 1 then B may be uniquely extended to a BSG.
Furthermore, for transitive deficiency one partial BSG’s admitting
solvable groups, we have:
Theorem 3. Let P be a deficiency-one BSG of PG(2m, q2) for m > 1,
which admits a transitive group T. Let P+ denote the unique extension to a
BSG.
(1) If T leaves invariant a point of the adjoined PG(2m, q) and is
solvable then q=2 or 4.
(2) Either (q, 2m+1)=(2, 5) or the BSG, when it exists, cannot be
classical and the associated translation plane cannot be Desarguesian.
Previously, Johnson [13] showed that except possibly for the associated
translation planes with orders 25, any two-transitive BSG of PG(2k, q2)
produces a Desarguesian plane. We improve this result, in this paper, as
follows:
Theorem 4. Let B be a doubly transitive BSG of PG(2k, q2). If
(q, 2k+1) ] (2, 5) then B is classical and the associated translation plane is
Desarguesian of order 8, 27, or 64.
We note that the Desarguesian plane of order 25 does correspond to a
doubly transitive BSG, however, it is not clear that any such doubly
transitive BSG is classical.
2. BACKGROUND
We first review the connections between Baer subgeometry partitions
and translation planes.
Theorem 5 (Johnson [13]). Let p be a translation plane with spread in
PG(4m−1, q). Suppose that the associated vector space may be written over
a field K isomorphic to GF(q2) which extends the indicated field GF(q) as a
2m-dimensional K-vector space.
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If the scalar mappings with respect to K over V2m/K act as collineations of
p, assume that the orbit lengths of components are either 1 or q+1 under the
scalar group of order q2−1.
Let d denote the number of components of orbit length 1 and let (q+1) d
denote the number of components of orbit length q+1.
Then there is a mixed partition of PG(2m−1, q2) of d PG(m−1, q2)’s and
d PG(2m−1, q)’s.
Definition 6. Under the above conditions, we shall say that the mixed
partition of PG(2m−1, q2) is a ‘‘retraction’’ of the spread of p or a ‘‘spread-
retraction.’’
Theorem 7 (Johnson [13]). Let p be a translation plane of order q2m+1
with kernel containing GF(q) , with spread in PG(4m+1, q), whose underly-
ing vector space is a K 4 GF(q2)-space and which admits as a collineation
group the scalar group of order q2−1. If all orbits of components have length
q+1 corresponding to K−{0}, then a Baer subgeometry partition of
PG(2m, q2) may be constructed.
Definition 8. A Baer subgeometry partition produced from a spread
as above is called a ‘‘spread-retraction.’’
We will be considering transitive extensions of flag-transitive subplanes:
Definition 9. Let p be an affine plane and po a subplane. If there
exists a collineation group which acts flag-transitively on po and acts tran-
sitively on the set of tangents on any affine point of po, we shall say that p
is a ‘‘transitive extension of a flag-transitive plane.’’
If the order of po is q and the order of p is q2, we shall say that p is a
‘‘quadratic extension’’ of po and if the order of p is q3, we shall say that p is
a ‘‘cubic extension’’ of po. More generally, if the order of p is qn, we shall
use the term: ‘‘n-dimensional extension.’’
If the group considered in the definition is nonsolvable or solvable,
respectively, we shall say that p is a ‘‘nonsolvable’’ or ‘‘solvable’’ extension,
respectively.
Theorem 10 (Hiramine et al. [9]). If a translation plane p of odd order
q3 with spread in PG(5, q) admits a solvable collineation group G in the linear
translation complement which fixes a subplane po of order q and acts transi-
tively on the components of po and transitively on the components of p−po
(i.e. p is a cubic extension of po) then
(1) q — −1 mod 4,
(2) the net ND defined by the components of po is a regulus net
(corresponds to a regulus in PG(5, q)),
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(3) G is the direct product of two groups F and N such that F fixes po
pointwise and has order q(q−1)/2, and N has order 2(q2−1).
Furthermore, if q > 3 then bases may be chosen so that the group F has the
form
7diag r 1 0 0fa 1 0
fa2/2 a 1
s8 7diag r1 0 00 b 0
0 0 b2
s8 ,
where the order of b divides (q−1)/2 and for all a in GF(q).
The group N acting on po is faithful and has the form
7s=rI 0
0 −I
s, g=rdI chI
cI dI
s8 ,
where g has order q2−1 and d, c in GF(q) and h is a non-square in GF(q).
(4) Let
M=rm11 m12 m13m21 m22 m23
1 0 0
s
and take the component y=xM. Then the image of y=xM under FN is
y=x Rr 1 0 0−b−1fa b−1 0
b−2fa2/2 −b−2a b−2
sM r 1 0 0fa b 0
fa2/2 ba b2
sS
=xMa, bbyG[po] then
y=xMa, b onto y=x(d+c(±Ma, b)−1 (ch+d(±Ma, b)).
(5) Hence, the spread is
x=0, y=xbI, y=x(d+c(±Ma, b)−1 (ch+d(±Ma, b))
for all b, d, c ¥ GF(q).
(6) The spread is a union of a set of q(q−1)/2 Desarguesian spreads
sharing the regulus net of degree q+1.
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Definition 11. We shall refer to any spread of type (5) above as a
spread of ‘‘Hiramine–Jha–Johnson type.’’
We will require an analysis of the solvable extensions.
Theorem 12 (Hiramine et al. [10]). Let p be a finite translation plane of
order qn which is a solvable extension of a proper flag-transitive plane po of
order q (i.e., an n-dimensional solvable extension). Let G denote the corre-
sponding group.
Then one of the following occur:
(1) p is Desarguesian and (q, n) is in {(2, 2), (2, 3), (4, 3), (3, 2),
(3, 3), (2, 5)}.
(a) For (2, 2), (2, 3), the group SL(2, 2) is a (3, 2)- or (3, 6)-
transitive group, respectively.
(b) For (3, 2), (3, 3), the group SL(2, 3) is a (4, 6)- or (4, 24)-
transitive group, respectively.
(c) For (2, 5), the group SL(2, 2)×Z5 is a (3, 30)-transitive group.
(2) p is Hall and n=2.
(3) n=3.
(4) n > 3 and q=2, 3 or 4.
Furthermore, one of the following occurs:
(a) q=2 and there is an normal subgroup generated by elations
isomorphic to SL(2, 2) which acts doubly-transitively on the infinite points of
po. Also, the Sylow 2-subgroups have order 2 and the full group G[po] which
fixes po pointwise has index 6 so that SL(2, 2) G[po] is the full translation
complement.
In addition, if n is even then the spread is a union of Desarguesian nets of
degree 5 containing po and there is a regular partial 2-parallelism of 2n−1−1
2-spreads in PG(2n−1, 2),
(b) q=3 and n is even. Furthermore, there is a normal subgroup
generated by 3-elements such that the restriction to po is isomorphic to
SL(2, 3) and which acts doubly transitively on the infinite points of po. The
Sylow 3-subgroups are non-planar groups of order 3 and the full group G[po]
which fixes po pointwise has index 24 so SL(2, 3) G[po] is the full translation
complement.
If the 3-elements elements are elations, the spread is a union of Desargue-
sian nets of degree 10 containing po and there is a regular partial
2-parallelism of (3n−1−1)/2 2-spreads in PG(2n−1, 3). Furthermore, if the
3-elements are not elations then n \ 20.
(c) q=4 and n=4.
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(d) q=4 and n > 4. Then all involutions are elations and there is a
normal subgroup generated by elations that acts doubly transitively on the
infinite points of po.
Furthermore, the Sylow 2-subgroups are cyclic of order 4 and there is a
normal 2-complement. If y is a collineation of order 4 then p may be decom-
posed into a direct sum of n cyclic yGF(2)-submodules of dimension 4 and
each Sylow 2-group pointwise fixed subspace has cardinality 2n.
3. CUBIC EXTENSIONS
In a series of articles, Hiramine, Jha, and Johnson have studied transla-
tion planes of order qn that admit a subplane po of order q and a collinea-
tion group G that leaves po invariant and acts flag-transitively on it and
furthermore acts transitively on the component tangents to po (see [7–12]).
In the last two articles mentioned, ‘‘cubic’’ extensions are studied. Hence,
we have a translation plane of order q3 admitting a subplane po of order q
and a group acting transitively on the infinite points of po and transitively
on the remaining infinite points.
Assume that p is a translation plane of order q3 which arises from a BSG
of PG(2, q2) and admits a collineation group G that contains and nor-
malizes a group isomorphic to GF(q2)g that has orbits of length q+1 of the
line at infinitity. Furthermore, these orbits correspond to regulus nets and
G leaves one of these N invariant and acts transitively on the remaining
regulus nets.
Hence, we have a collineation group G [ CL(3, q2) acting on the vector
space and G [ CL(6, q), when considered acting on the spread. Further-
more, q(q2−1) divides the order of G. An element of GL(3, q2) shall be
called a ‘‘linear’’ element.
Our main result shall be stated later. We begin the analysis with a series
of lemmas in which the above hypotheses are assumed.
Lemma 13. (1) If q is not 2 or 4 then G contains a p-group in GL(3, q2)
of order at least q/rp where q=pr for p a prime and rp denotes the p-th part
of r.
(2) If q is not 2, 4 or 8 then G contains a linear p-group of order
> q1/2.
Proof. Let Sp denote a Sylow p-subgroup of G. Then, the order of Sp is
divisible by q and Sp 5 GL(3, q2) has order divisible by q/rp. L
However, if q is not 2 or 4 then q/rp \ q1/2 and if q is not 8 then
q/rp > q1/2. L
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Lemma 14. There are no linear central collineations.
Proof. If so, then an elation or affine homology would fix a GF(q2)-
space pointwise. However, a component is not a GF(q2)-subspace so the
fixed-point-set of an elation could not be a line.
Lemma 15. Sp leaves invariant a component L of N. GL/GF(q)g induces
a subgroup of PCL(3, q) on L/GF(q) 4 PG(2, q). There can be no linear
elements inducing elations induced on PG(2, q).
Hence, each linear p-element fixes exactly one point of PG(2, q) and thus
fixes pointwise a subplane of order q pointwise. L
Proof. Let S −p be Sp 5 GL(3, q2). If there is a linear p-element g induced
on PG(2, q) then, noting that g is GF(q)-linear, as well as GF(q2)-linear, g
fixes pointwise at least (q+1)(q−1)+1 points of L. Since L is not a
GF(q2)-subspace, it follows that g is planar but this is a contradiction to
the Baer condition. L
Lemma 16. If q is even then q=2 or 4.
Proof. If q is even and not 2 or 4 then there is a linear involution.
However, this means that there is a subplane po of order q fixed pointwise
and, furthermore, there is a Baer subplane of order q3/q which contains po
which is the fixed-point-space of the linear involution. Since this clearly
cannot occur, q is forced to be 2 or 4. L
Henceforth, we shall assume that the order q3 is odd.
Assume that G does not leave invariant a subplane of order q of the net
N. Then, we obtain linear p-groups of orders > q1/2, each of which fixes
pointwise a subplane of order q of the net N.
Lemma 17. Any linear collineation 2-group A which fixes a subplane po of
N and fixes all components on it induces a kernel homology subgroup on po.
Proof. If not then g ¥ A−{1} fixes po pointwise and has order 2k for
some integer k. Hence, there is a linear involution fixing po pointwise,
which we have seen cannot occur. L
Lemma 18. GL does not fix a line of PG(2, q).
Proof. If there is a fixed line, the fixed line of PG(2, q) corresponds to a
set of q+1 subplanes of order q of the net N. This set of subplanes
becomes a derivable subnet D of N. The group B generated by the linear
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‘‘Baer’’ p-collineations of D is isomorphic to either SL(2, p t) or SL(2, 5)
and p=3 in the latter case. We have a linear p-group of order > q1/2 so
that, in the former case, we must have group isomorphic to SL(2, q). The
group acts faithfully on N as a collineation group of p. Since SL(2, q) is
generated by collineations which fix subplanes of N pointwise, we have a
group of order q(q2−1) which fixes each component of N. Thus, there is a
2-group A of order (q−1)2 which fixes po and fixes all components of po.
The previous lemma shows that A induces a kernel subgroup of po.
However, the only possible kernel subgroup of SL(2, q) has order 2. We
note that within SL(2, q), the normalizer of a p-group of order q contains a
cyclic group Cq−1 of order q−1 and normalizes exactly two p-groups of
SL(2, q). We also have a kernel group Kg of order q−1 which fixes each
subplane of order q of N. The above lemma shows that Kg 5 Cq−1 has
order 2. Hence, we have a 2-group of order q(q−1)2/2 acting on po and
fixing all components. Thus, the 2-part of (q−1)2/2 divides (q−1)2.
Hence, (q−1)2=2. Also, we have a collineation group Hq2−1 containing
Kg which is transitive on the infinite points of N. Thus, the order of G is
divisible by q(q2−1)(q2−1)/2. Consider a 2-group of order divisible by
(q2−1)22/2. There is a linear 2-group B of order divisible by this integer
which acts on the remaining q2 points of PG(2, q); the subplanes of the net
N. Thus, B leaves a subplane p1 invariant. Moreover, there is a subgroup
of order ((q−1)(q2−1))2/2 which fixes all components of the net N and
hence, fixes all components of p1. However, again this says that
((q−1)(q2−1))2/2 divides (q−1)2, a contradiction, as this implies that
q+1=1.
Now consider that q=3r and the group generated by the linear
3-elements is SL(2, 5). However, we have a linear 3-group of order q/r3,
which forces q/r3=3. Let r3=3a so that q=33
ad, where (3, d)=1. Hence,
33
ad−a=3, implying 3ad=a, a contradiction.
Hence, we have shown that G cannot fix a line of PG(2, q). L
Lemma 19. GL cannot contain any (linear) homologies in PG(2, q).
Proof. Suppose so. Then, we may coordinatize so that, with respect to
homogeneous coordinates a homology has the form
[x1, x2, x3]W [ax1, x2, x3],
where a ] 0 or 1.
Consider a linear homology of prime order dividing q−1. Considered as
an element of GL(6, q), and noting that any such element must induce a
homology on another line of N (since the order must divide q−1 and the
‘‘line’’ on a fixed component defined by a set of subplanes also defines a
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‘‘line’’ on another fixed component) and there can be no (linear) central
collineations, we may realize such an element in the following form by
appropriate choice of basis,
g=|a 0 0 0 0 00 b 0 0 0 00 0 b 0 0 0
0 0 0 ag 0 0
0 0 0 0 bg 0
0 0 0 0 0 bg
} ,
for a, b, ag, bg ¥ GF(q). Since we have the kernel homologies of order
q−1, which have the form dI6 for all d ¥ GF(q)−{0}, we may assume that
g fixes q2 affine points on L. However, L does not contain a 1-dimensional
GF(q2)-subspace so this implies that g fixes a 2-dimensional GF(q2)-
subspace and moreover, this forces g to be planar and fix a subplane
pointwise. Hence, g must fix a subplane of order at least q2 which is
contrary to the Baer condition. L
Hence, if GL does not fix a ‘‘point’’ on L as PG(2, q) then GL does not fix
a line of PG(2, q) and G contains no linear central collineations of the
translation plane and GL contains no (linear) central collineations on L as
PG(2, q).
In Mitchell [15], there is a consideration of collineations of PSL(3, q)
acting on PG(2, q) of types I, II, III, IV and V. The collineations of type I
fix a triangle of points, type III fix exactly one point and one line and
types IV and V are homologies and elations respectively. Hence, we have
shown that the linear part of GL can induce no homologies or elations on L
as PG(2, q). The type II collineations have the general form
h: [x1, x2, x3]W [ax1, x2+x3, x3] for a ] 0 or 1 .
If there were a linear element of GL inducing h, we note that
hp: [x1, x2, x3]W [apx1, x2, x3]
is a homology on L as PG(2, q) which implies that ap=1, a contradiction.
Let L=GL 5 SL(3, q). Then, L contains only collineations of type I
and III acting on L as PG(2, q). By Mitchell [15, Theorem 27, p. 232], it
must be that L leaves invariant a point, line or triangle. Since L contains
p-groups of order at least q/rp, for q=pr, each of which fixes a unique
point, if L leaves invariant a triangle then p=3 and the p-group of order
q/rp also has order 3 (as otherwise, some element in the group would fix all
three points).
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We noted above that q/r3 > q1/2 so that 3 > q1/2 implying that 9 > q so
that q=3. Thus, the plane is a translation plane of order 27 and these are
completely known by Dempwolff [4]. The plane is not generalized twisted
field since there is not an invariant component. Nor can the plane be
Hering due to the non-existence of a normal subgroup of order 8. The
remaining planes (two flag transitive planes, Sherk and André) cannot
occur due to their groups; there is no subgroup of order 6 fixing a com-
ponent which admits a collineation group of order 8.
Hence, the plane is Desarguesian. We note that now the group G must
actually be a subgroup of CL(2, 33) and have order divisible by 3(32−1).
Also, recall that we cannot have a linear 3-collineation. Thus, there must be
a 3-element generated by the Frobenius automorphism of GF(33). Hence, it
follows that L must fix a ‘‘point’’ of L and hence fix a subplane po of N.
L is a normal subgroup of GL (as SL(3, 4) is characteristic in GL(3, 4)
which is normal in CL(3, 4)) and the p-elements of L fix a unique
subplane of N and these elements fix this subplane pointwise. Thus, GL, for
each component L of N, leaves po invariant. Moreover, the group GF(q2)g
fixes po as po is a GF(q2)-subspace. That is, if G does not leave po
invariant, there exists a p-group in some GL Œ which does fix po, a contra-
diction.
Hence, G leaves po invariant. So, we arrive at the following theorem:
Theorem 20. Let p be a translation plane of order q3 and kernel
containing GF(q) that arises from a BSG of PG(2, q2) admitting an auto-
morphism group fixing one PG(2, q) and transitive on the rest then, the
following hold:
(1) q=2 and p is the Desarguesian plane of order 8.
(2) q=4 and p is the Desarguesian plane of order 64.
(3) q is 4 and p is one of two Hamilton–Mathon translation planes of
order 64.
(4) q is odd and p is a cubic extension of a subplane po of order q.
Proof. Assume that q=2. Then, the translation plane has order 8 so is
Desarguesian. L
4. THE 43-SPREADS
We shall see, in the next section, that the Desarguesian spreads of orders
q3, for q =2, 4, are, in fact, cubic extensions. The only other possibility is
spreads associated with the Hamilton–Mathon partitions. However, in this
case, we may identity the fixed regulus net of the associated translation
planes with a regulus in an associated Desarguesian spread. The auto-
morphism group of the Hamilton–Mathon paritions is the Galois group of
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GF(212). Our forthcoming analysis applies to show that the group of order
12 combined with the ‘‘inherited’’ group of order 5 acting on the spread
does, in fact, fix a subplane of the invariant regulus net. Hence, all trans-
lation planes of order 43 which permit retraction are cubic extensions of a
subplane of order 4.
So, we have a group G of order 4(42−1)(4−1)=22 · 32 · 5 containing the
GF(4)-scalar group that fixes a Desarguesian subplane po of an invariant
GF(4)-regulus net which we may coordinatize by
E: x=0, y=xaI3 -a ¥ GF(4) .
We see that the 2-groups of G must act faithfully on po.
The group G is a subgroup of CL(3, q2) and G contains a cyclic
subgroup C15 of order 15 which acts sharply transitively on the nonzero
vectors of po. We note that C15 is a normal subgroup of G and fixes all
of the Desarguesian subplanes of order q corresponding to GF(q2)-1-
dimensional subspaces.
We have seen above that any 2-group in GL(3, 16) must fix exactly
42 points, a contradiction.
Hence, there are no linear 2-elements.
It follows that we may assume that some 2-group is isomorphic to the
cyclic Galois group of order 4 generated by zW z2. Also, any such 2-group
is isomorphic to a subgroup of CL(2, 4) acting on po. We note that the
unique involution s in this group must fix a GF(q)-1-dimensional subspace
pointwise of po and thus induce an elation on the translation plane p. That
is, if s is a Baer collineation then Fixs contains fixed points exterior to the
net N and hence, there must be a 2-group of order at least 8 in CL(3, 42)
giving rise to a linear involution, which we have seen cannot occur.
The group generated by the elation groups forms a group of order
2(4+1) faithfully induced on po since each elation group fixes each of the
1+4+42 Desarguesian subplanes of E. Thus, the group is dihedral D5 of
order 2(4+1) with the cyclic stem being OC315P.
Suppose that there is a 3-element that induces an affine homology on po.
Then there are at least two distinct 3-groups modulo the center GF(4)g.
Such groups are in GL(2, 4) so the quotient in PGL(2, 4) is either A4, S4,
A5 or dihedral of order 6 or 10. But, the Sylow 2-subgroup in PGL(2, 4) is
of order 2 so that we can only obtain a group of order 6 or 10.
Hence, there is a 3-group of order 3 which fixes po pointwise. It still
follows that the group induced in PGL(2, 4) is dihedral of order 10. This
group of order 3 which fixes po pointwise commutes with any 2-group of
order 4 so we obtain a cyclic group C12 of order 12.
Hence, we have a group isomorphic to C12GF(16)g which acts on our
spread.
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Any 2-group in CL(3, 42) generated as a Galois group fixes exactly
4-points. Since the involution in this group is an elation, we choose an axis
as x=0. We realize GF(4)={0, 1, a, a+1} so that a2=a+1. Assume that
the associated field splits the GF(4)-irreducible polynomial x2+ax+1.
Choose a generator of GF(16)g to map x=0W y=0W y=xW y=xa
W y=x(a+1).
This generator leaves invariant every Desarguesian subplane of the net
x=0, y=xb; b ¥ GF(4). Write the vector space over GF(6) with vectors
(x1, x2, x3, y1, y2, y3) for all xi, yi ¥ GF(4) for i=1, 2, 3. Note that p1=
{(x1, 0, 0, y1, 0, 0); x1, y1 ¥ GF(q)}, p2={(0, x2, 0, 0, y2, 0); x2, y2 ¥ GF(4)}
and p3={(0, 0, x3, 0, 0, y3); x3, y3 ¥ GF(4)} are Desarguesian subplanes of
the GF(4)-regulus net E.
Under these conditions, it follows fairly directly that a generator which
accomplishes the mapping on components has the form
r aI3 aI3
aaI3 03
s
for some a in GF(4). Since we obtain the scalar group bI6 for all b ¥K
acting as a collineation group, we may take a=1.
We note that the general form for the field GF(16) then becomes
ruI3+tI3 tI3
atI3 uI3
s -u, t ¥ GF(4) .
We may represent a 2-group as
7E: (x1, x2, x3, y1, y2, y3)W (x21, x22, x23, y21, y22, y23) r I3 aI3
03 I3
s8 .
The group of order 3 which fixes a Desarguesian subplane pointwise
(by the action of the kernel homology group of order 3, we may guarantee
this) must also fix at least two other subplanes. We choose coordinates so
that the fixed point subplane is p1 and the other two fixed subplanes are p2
and p3. This forces this element to be diagonal as it fixes all components of
the net E.
Also an element h of order three on L as PG(2, 4) fixes a point P and
permutes the five lines incident with P. Hence, h fixes at least two lines
incident with P. Since there are no homologies in PG(2, 4), h must fix a
triangle pointwise.
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Hence, we have a group element
h=|1 0 0 0 0 00 a 0 0 0 00 0 b 0 0 0
0 0 0 1 0 0
0 0 0 0 a 0
0 0 0 0 0 b
} ; a, b ¥ GF(4)g, a and b both not 0 or 1 .
Furthermore, since h is linear, it follows that we may take a=a and b=a2.
The reader may note that h commutes with E and both E and h
normalize GF(16)g.
Hence, we obtain the group of order 22 · 33 · 5 which is a semidirect
product of a cyclic group by a normal cyclic group of order 15:
G=OhP E GF(16)g .
We may choose a component y=xM where
M=rm11 m12 m13m21 m22 m23
1 0 0
s .
Then the spread is
x=0, y=xbI, (y=xM) g - b ¥ GF(4) -g ¥ G/GF(4)g .
Hence, by variation ofM, we obtain all possible spreads. We shall see in
the last section that transposing the spreads produces new Baer subgeome-
try partitions. So, there are two non-Desarguesian planes; the Hamilton–
Mathon planes and the spreadsets above of the two planes are merely
transposes of each other.
5. THE DESARGUESIAN TRANSITIVE AND
DEFICIENCY-ONE PLANES
We consider a Desarguesian affine plane S of order q2k+1 to be repre-
sented by GF(q2(2k+1)), where the points the elements of the field and the
components are the 1-dimensional GF(q2k+1)-subspaces. There is a
subgroup of order q2(2k+1)−1 acting on S, fixing one point (say the zero
vector) and acting transitively on the remaining affine points. Naturally,
the group induced on the line at infinity is cyclic of order q2k+1+1 and acts
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transitively there. The stabilizer of a component has order q2k+1−1 and
acts transitively on the nonzero vectors of each component. If we consider
the subgroup of order q2−1 that does, in fact, act as a collineation group
of S, the analysis of Johnson [13] shows that there is a subgroup of order
q−1 which fixes each component, the orbit length on the line at infinity is
therefore q+1 and the point orbits under this group form natural
Desarguesian subplanes of order q. Hence, the orbits of length q+1 form
subplanes covered nets which, in fact, are regulus nets. Note that the
1-dimensional GF(q2)-subspaces are the subplanes of the net incident with
the zero vector. Forming the retraction as in Johnson [13], we obtain a
natural Baer subgeometry partition of PG(2k, q2). In fact, this is what
Bruck did, by a different method when k=1. Hence, we have:
Theorem 21 (see Bruck [2] when k=1). Any Desarguesian affine plane
of order q2k+1 produces, by retraction, a Baer subgeometry partition of
PG(2k, q2).
Now we ask which of these Baer subgeometry partitions can admit an
automorphism group which fixes one subgeometry and acts transitively on
the remaining subgeometries.
We note, by the analysis of Johnson [13], that the group involved as
acting on the associated translation plane (Desarguesian plane, in this case)
is a subgroup of CL(2k+1, q2). Moreover, the group is also acting on a
Desarguesian affine plane so must be in CL(2, q2k+1). If there are linear
elations then these must commute with GF(q2)g which has component
orbits of length q+1, forcing the collineation to be trivial. Similarly, there
are no linear homologies. Similarly, if there are linear Baer involutions, we
must have q (2k+1)/2+1 fixed components which implies that q+1 divides
q (2k+1)/2+1, a contradiciton. Moreover, any p-element of GL(2k+1, q2)
must fix a 1-dimensional GF(q2)-subspace pointwise; that is, it must fix
pointwise (at least) a subplane of order q pointwise lying in one of the nets
of degree q+1.
When q=3, we may take the planar 3-element together with the group
of order 32−1 together with an affine homology of order 2 to generate a
group which fixes a subplane po of order 3 and acts transitively on the
infinite points of the subplane and acts transitively on the infinite points of
S−po.
When q=2, we take the Frobenius automorphism of CL(3, 22), which
actually acts trivially in CL(3, 2) on a component as PG(2, 2). Hence, we
obtain an elation in this case and the elation generated group SL(2, 2) has
the required properties.
Since there can be no linear elations (i.e. in GL(3, q2)) all linear
p-elements fix a subplane of order p pointwise.
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Since there is a p-group of order divisible by q which is a subgroup of
CL(2k+1, q2), hence, if q=pr and rp denotes the p-part of r, then
q/rp [ 2rp. We shall see if q is not 2, 4 or 8 then q1/2 < q/rp. Hence, in such
a case, we see that then q1/2 < 2rp. Let rp=p t so we have:
pp
td/2 < 2p t .
If p is 2 then
2 t−1d < 1+t
which has no solution when q is not 2, 4 or 8.
If p is odd then
pp
td/2 < 2p t < p t+1
so that
p td/2 < t+1 .
However, the only possibility is q=3.
We have noted above that there is a group of order q2(2k+1)−1 which acts
transitively on the set of regulus nets and contains the kernel homology
group. Moreover, there is a group of order divisible by (q2k+1+1)/
(q+1)−1 fixing one of these regulus nets. Hence, we must have
that (q2(2k+1)−1)((q2k+1+1)/(q+1)−1) divides the order of CL(2, q2k+1)
which is q2k+1(q2(2k+1)−1)(q2k+1−1) r(2k+1). This implies that ((q2k+1+1)/
(q+1)−1))/q divides (q2k+1−1) r(2k+1) so that
C
2k
j=1
(−1) j q j−1=(qk+1)(qk−1)/(q+1) divides (q2k+1−1) r(2k+1) .
We note that
((qk+1)(qk−1)/(q+1), q2k+1−1)
=(q−1)((qk+1)/(q+1), (q2k+1−1)/(q−1))
=(q−1)
Therefore,
(q2k−1)/(q2−1) divides r(2k+1) . (1)
In this case, it follows the only possible solutions for k > 1 are for q=2
and k=2.
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However, there are no initial restrictions for k=1. In this case, we have
shown, in a previous section, that either q=2 or 4 or we have an invariant
subplane; a cubic extension. By the results of Hiramine, Jha and Johnson
stated in the background section, it follows that (q, 2k+1)=(2, 3), (3, 3),
(4, 3), (2, 5).
Since, there is a linear element of order 2 in CL(3, 82) in a group of
order 8, it remains to consider when q=4 and the case (2, 5).
Thus, consider CL(3, 42=24). Since there can be no linear involutions at
all (no linear elations and there can be no linear Baer involutions (see the
next section)), this means that the group of order 4 required must be
generated by the Frobenius automorphism of order 4 or at least involve it.
Actually, we may consider the points of the plane by the elements of
GF(46)=GF(212) and the components as the 1-dimensional GF(26)-
subspaces.
We note that the Galois group of order 12 leaves invariant both GF(43),
which is a line of the associated Desarguesian plane, and GF(42), which is a
subplane of a net of degree 4+1.
Moreover, if y: xW x2, generates the Galois group, we see that y6
fixes the line GF(43) pointwise, so is an elation and the group of order 3
generated by y4 fixes the subplane GF(42) pointwise.
Since the Galois group has an orbit of length 12 on GF(212)−
GF(24) 2 GF(26), and leaves invariant the net of degree 5 containing
GF(42), it follows that we have a group which acts transitively on the
remaining 4(4−1) regulus nets of degree 5.
Now consider when (q, 2k+1)=(2, 5). We note that we may identify the
points with GF(210), where GF(25) is a line and GF(22) a subplane of a
regulus net of degree 3. We note that there are (25+1)/3=11 regulus nets
and the possible group fixing one and transitive on the remaining has order
divisible by order 10. If y generates the Galois group of order 10, then y2 fixes
the subplane GF(22) pointwise and y5 fixes the line GF(25) pointwise. Since
there is an orbit of length 10 outside GF(22) 2 GF(25), it follows, as above,
that there is a group acting transitively on the remaining nets of degree 3.
Hence, we have the following result:
Theorem 22. Let B be a classical BSG of PG(2k, q2) which admits an
automorphism group fixing one PG(2k, q) and acting transitively on the
remaining PG(2k, q)’s of the partition.
(1) Then (q, 2k+1) ¥ {(2, 3), (4, 3), (3, 3), (2, 5)}.
(2) Each of the BSG’s of part (1) produce Desarguesian spreads of orders
q2k+1 which admit collineation groups that fix a subplane of order q, fix one
regulus net and act transitively on the remaining (q2k+1+1)/(q+1)−1
regulus nets. Hence, each such plane is a solvable n-dimensional extension of
a flag-transitive plane.
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(3) Note that each of BSG’s of part (1) admit an automorphism group
which acts doubly transitively on the set of partition subplanes. Furthermore,
these are exactly the classical BSG’s that admit a doubly transitive group.
6. THE DOUBLY TRANSITIVE BSG’S
In Johnson [13], it was shown that every two-transitive BSG of
PG(2k, q2)produces aDesarguesianplane, except possiblywhen (q, 2k+1)=
(3, 3), (4, 3) or (2, 5) (noting that the Desarguesian planes of order 8 are
Desarguesian). By Dempwolff [4], the planes of order 33 admit such
doubly transitive groups if and only if the planes are Desarguesian (see our
analysis above for the ‘‘if ’’ part). We have seen that the planes of order
(4, 3) that admit doubly transitive groups are Desarguesian (by Baker
et al., the groups of the Hamilton–Mathon planes are not transitive on the
regulus nets). Hence, this leaves the possibility that there is a doubly
transitive plane on 2-reguli of order 25.
Hence, we obtain:
Theorem 23. Let B be a doubly transitive BSG of PG(2k, q2). If
(q, 2k+1) ] (2, 5) then B is classical and the associated translation plane is
Desarguesian of order 8, 27, or 64.
7. SOLVABLE BSG’s
We have seen that any translation plane of order q3 not 8 or 64 arising
from a BSG must be a cubic extension of a flag-transitive plane. We now
show that the group G must be solvable.
Theorem 24. Let p be a translation plane of order q3 arising from a BSG
of PG(2, q2) admitting an automorphism group G which fixes one PG(2, q)
and acts transitively on the remaining PG(2, q)’s.
Then G is solvable.
Proof. When q=2, we obtain a group of order 6 generated by elation
groups of order 2. When q=8, Baker et al have determined the full colli-
neation group of the associated translation planes. In particular, the group
is solvable.
It remains to consider q odd. Assume that the group G is non-solvable.
Let G[po] denote the subgroup which fixes po pointwise. We note that this
group must have odd order since the 2-groups must act faithfully on po. So,
by the Feit–Thompson theorem, G/G[po] is nonsolvable. By Hiramine et al.
[9, Theorem 2.2], then either the group induced on po contains SL(2, q) or
G | po 5 a. 4 A5 and q=9.
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SL(2, q)=S+/G[po] is a normal subgroup of G/G[po] which implies that
S+ is a normal subgroup of G. Furthermore, S+5 GL(3, q2) =S1 is a
normal subgroup of S+. Hence, S1G[po]/G[po] is a normal subgroup of
S+/G[po]. Thus, S1G[po]/G[po] is either SL(2, q), equal to the center group of
order 2 or q=3 (which is excluded by the assumption of non-solvability).
We note that |S+/S1 | [ 2r where p r=q. In the second case above, where
the quotient group is the central group of order 2, it follows that
(S+/G[po])/(S1G[po]/G[po]) 4 S
+/S1G[po]
is isomorphic to PSL(2, q). Since S+/S1G[po] has order less than or equal
S+/S1, it follows that 2r \ q(q2−1)/2 where q=pr, clearly a contradiction.
Hence, we may assume that SL(2, q) is induced off of a linear collinea-
tion group of p. But all p-elements act as elations on po, but must fix
GF(q2)-subspaces pointwise. By a lemma above, there can be no elations
induced on L as PG(2, q), so this implies that the p-groups which act as
elations on po cannot fix another subplane within N. However, such
p-elements must fix additional affine points in p−N. The 1-dimensional
GF(q2)-subspaces are the subplanes of order q within the q(q−1)+1 nets
(that is, q2+q+1 subplanes in each of q2−q+1 nets). But, under our
assumptions, there would be a 1-dimensional GF(q2)-subspace which does
not lie completely in one of these regulus nets. Hence, the SL(2, q)-
situation cannot occur.
Assume that the group induces A5 on the line at infinity of po and q=9.
Now the group G is a subgroup of CL(3, 92) which implies that any 3-element
is automatically linear. But, a linear element in SL(2, 5) on po fixes exactly
a set of 9 affine points on po and the argument of the previous paragraph
provides a contradiction. Thus, the group G must be solvable. L
We now are able to apply results on cubic extension
By Hiramine et al. [9, Theorem 2.2], it follows that q — −1 mod 4,
mentioned in the section of basic results, to obtain the following result:
Theorem 25. The spreads of Hiramine–Jha–Johnson type permit spread-
retraction and hence retract to BSG −s of PG(2, q2) that admit a collineation
group fixing one PG(2, q) and transitive on the remaining PG(2, q)’s.
Proof. We assert that, in the above situation, we do obtain a spread
which is the union of q2−q+1 GF(q)-reguli. To see this, we note that the
vector space may be written as a GF(q2)-vector space by defining a scalar
multiplication as v · g=vg for all g in N− 2 {0}, where N− is the multipli-
cative group of the field of order q2. SinceN is fixed-point-free, the mapping
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becomes the scalar mapping and the vector space becomes a
3-dimensional vector space over N− 2 {0}. Furthermore, it is clear that the
group N− has component orbits of length q+1 so we obtain, from the
fundamental theorem of retraction of Johnson [13], the correct spread
configuration. L
Combining our previous results, we have:
Theorem 26. Let P be a Baer subgeometry partition of PG(2, q2). If
there is a collineation group in PCL(3, q2) which fixes one PG(2, q) and acts
transitively on the remaining PG(2, q)’s then, one of the following hold:
(1) q=2 and the plane is Desarguesian.
(2) q=4 and the plane is Desarguesian.
(3) q=4 and the plane is one of two Hamilton–Mathon planes, which
are interrelated by transposition of the matrix spreadsets.
(4) q is odd and if the group is in GL(6, q) then q — −1 mod 4 and the
plane is of Hiramine–Jha–Johnson type.
8. TRANSITIVE DEFICIENCY-ONE IN LARGER DIMENSIONS
In this section, we consider the possibility that there could exist BSG’s of
PG(2m, q2) for m > 1 admitting a group G that fixes one PG(2m, q) and
acts transitively on the remaining PG(2m, q)’s.
Hence, we obtain a translation plane of order q2m+1 with kernel contain-
ing GF(q) whose spread is covered by GF(q)-reguli and a collineation
group G in CL(2(2m+1), q) which fixes one GF(q)-regulus and acts
transitive on a set of (q2m+1+1)/(q+1) other GF(q)-reguli.
Note that we may take the weaker hypothese that there is a partial BSG
of deficiency one with a transitive automorphism group.
To see this, we note that we obtain a translation net of order q2m+1 and
deficiency q+1.
Consider the polynomial p(x)=x4/2+x3+x2+3x/2 and compute
p(q)=q4/2+q3+q2+3q/2 < q2m+1 for m > 1.
Anyway, there is a unique extension to a translation plane and the colli-
neation group extends as well by Jungnickel [14]. We assert that the
translation plane has its spread in PG(4m+1, q). We need to check that the
GF(q)-kernel group of the original net corresponding to the deficiency one
BSG of PG(2m, q2) acts as a kernel homology group of the translation
plane. Hence, there is an adjoined net of degree q+1 that admits as a
collineation group the group GF(q2)g that fixes each GF(q)-regulus net.
Each component of the adjoined net C is a (2m+1)-dimensional GF(q)-
subspace. Suppose some element of GF(q2)g−GF(q) leaves a component
in C invariant. We note that GF(q2)g is fixed-point-free so that q2m+1−1
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is divisible by some element of order dividing q2−1. However, (q2m+1−1,
q2−1)=(q(2m+1, 2)−1)=(q−1). Hence, the only possible element which
can leave a component L of C invariant has order dividing q−1 which
implies that the orbit length is q+1 and that the translation plane has
kernel containing GF(q).
Now we may use the ideas of the fundamental theorem of retraction in
Johnson [13] to see that the adjoined net is also a GF(q)-regulus net so we
have an extension of the deficiency one BSG.
We record this fact separately.
Theorem 27. Any partial BSG of PG(2m, q2) for m > 1 of deficiency
one may be uniquely extended to a BSG.
8.1. Transitive Extensions
If we have a transitive deficiency one BSG of PG(2m, q2) for m > 1 then
there is an associated translation plane of order q2m+1 with kernel contain-
ing GF(q) that admits a collineation group isomorphic to GF(q2)g whose
component orbits are GF(q)-reguli and further there exists a collineation
group G containing and normalizing GF(q2)g in CL(2m+1, q2) which fixes
a GF(q)-regulus E and acts transitively on the remaining components.
If there is an invariant subplane po in E then we have that p is a transi-
tive extension of a flag-transitive plane po.
We may apply the results of Hiramine, Jha, and Johnson mentioned in
the background section provided the associated group is solvable.
We have seen that when m=1, i.e., BSG’s of PG(2, q2), the group must
be solvable and the associated translation plane must be a cubic extension
of a subplane of order q. Thus, this might point to the general situation. In
any case, it seems reasonable to make the assumption that, in general, the
associated translation plane is an (2m+1)-extension of a flag-transitive
subplane of order q and that the group involved in solvable.
Hence, if we assume that the group is solvable, we must have either p is
Desarguesian or q=2 or 4 and all involutions are elations. However, we
have seen, in the Desarguesian case, that other than cubic orders, the only
Desarguesian possibility is when (q, 2m+1)=(2, 5). Furthermore, in this
situation, the plane is a 5-dimensional extension of a subplane of order 2.
Hence, applying the main result on solvable extensions mentioned in the
background section, we have (note that q=3, requires 2m+1 to be even or 3):
Theorem 28. Let P be a deficiency-one BSG of PG(2m, q2) for m > 1,
which admits a transitive group T. Let P+ denote the unique extension to a
BSG.
(1) If T leaves invariant a point of the adjoined PG(2m, q) and is
solvable then q=2 or 4.
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(2) Either (q, 2m+1)=(2, 5) or the BSG, when it exists, cannot be
classical and the associated translation plane cannot be Desarguesian.
Proof. T induces G acting on the translation plane and G/GF(q2)g 4 T
by a result of Johnson [13]. Since T leaves invariant a point, it follows that
G leaves invariant a GF(q2)-1-dimensional subspace.
Hence, G is solvable and our previous analysis applies. L
9. DUAL BSG’S
Let p be a translation plane of order q2k+1 with kernel containing GF(q)
which permits spread retraction. Hence, there is an associated collineation
group of order q2−1, GF(q2)g, containing the (q−1)-kernel homology
group such that the components orbits are GF(q)-reguli. We note that the
full collineation group normalizes GF(q2)g. Now let s be any duality of the
associated vector space of dimension 2(2k+1) over GF(q). Then, the
spread components are of dimension 2k+1 over GF(q) and, as such, we
obtain another spread from the given one S, by taking Ss.
The collineation group of the new spread is isomorphic to the original
group (although, not necessarily permutation isomorphic).
We note that the group GF(q2)g is fixed-point-free but fixes all
1-dimensional GF(q2)-subspaces. The number of hyperplane orbits under a
collineation group is the same as the number of 1-dimensional subspace
orbits by Dembowski [3], hence, the group leaves invariant each GF(q2)-
hyperplane. Moreover, a fixed-point-free collineation in GF(q2)g, acting on
the spread (a 2(2k+1)-dimensional vector space over GF(q)), has orbits of
length q+1 on 1-dimensional GF(q)-subspaces. Hence, such a fixed-point-
free collineation has orbits of length q+1 on GF(q)-hyperplanes. Taking a
duality on the associated 2(2k+1) GF(q)-vector space then maintains the
orbit structure on GF(q)-hyperplanes and GF(q)-1-spaces. Hence, when we
dualize, we obtain a GF(q2)g-group acting on the dual space. This means
that the spread obtained from a duality gives rise to a spread with the same
retraction properties of the original. Hence, we obtain an associated BSG.
We note that the transpose of the translation plane associated with a
BSG, produces the translation plane whose retraction gives rise to the new
BSG.
Hence, we obtain:
Theorem 29. Given any Baer subgeometry partition B of PG(2k, q2).
Then, there is an associated Baer subgeometry partition BD, called the
‘‘dual’’ of B, obtained by the transpose spread (or dual spread) of the spread
in PG(4k+1, q) associated with B.
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Now consider spreads in PG(4m−1, q) which permit spread retraction;
the vector space may be written over a field K isomorphic to GF(q2) which
extends the indicated field GF(q) as a 4m-dimensional K-vector space,
where the group GF(q2)g is assumed to act as a collineation group with
orbit lengths 1 or q+1. In the transposed spread, there is a collineation
group which fixes all duals of spread components for which the orbit length
in the original group is 1. Hence, we obtain the same configuration of
orbits of length 1 and of length q+1 in the dual setting.
Hence, we obtain:
Theorem 30. Let p be a spread in PG(4m−1, q) which permits
spread retraction, producing a mixed partition B of PG(2m−1, q2) of d
PG(m−1, q2)’s and d PG(2m−1)’s.
Then the transposed spread of p is a spread in PG(4m−1, q) which permits
spread retraction, producing a corresponding mixed partition, BD, called the
‘‘dual’’ of B which also has d PG(m−1, q2)’s and d PG(2m−1)’s.
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